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Abstract
We consider the forced motion of a relativistic particle constrained on a curve and present
sufficient conditions for periodic oscillations by means of an illustrative geometrical approach.
Obtained result is illustrated by a few examples including the forced relativistic pendulum.
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1. Introduction
The problem considered in this paper originally stems from the work of G. Hamel who
in 1922 proved [1] that the periodically forced classical pendulum have at least one periodic
solution. After that, various authors considered not only classical forced pendulum, but
also relativistic approximation of this problem. In particular, in [2] it was shown that for a
forced relativistic pendulum with friction there always exists at least one periodic solution
if the period of the external generalized force acting on the massive point is not too large.
It is worth mentioning that for a classical forced pendulum with friction general behaviour
of solutions is different: for a given period, there always exists an external generalized force
such that there are no periodic solutions in the system [3]. One can find a survey concerning
forced oscillations in relativistic and classical systems in [4]. For a relativistic pendulum
without friction it was also shown that there exists a periodic solution [5] and, moreover,
there are at least two different periodic solutions in this system [6].
In the paper, we consider a generalization of the relativistic forced pendulum to the case
of a periodically forced relativistic particle constrained on an arbitrary curve — configuration
space is assumed to be one-dimensional — and present sufficient conditions for the existence
of a periodic solution. In the general case, the governing equation of the considered system
can be presented, in appropriate units, as follows
d
dt
q˙√
1− q˙2 = f(t, q, q˙), (1)
where q ∈ R/2piZ and f ∈ C1(R/TZ × R × R,R), T > 0. Note that equation (1) is also
considered in [7] and [8] in more general form. In particular, sufficient conditions for the
existence of a periodic solution are presented.
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Results [2], [4], [5], [7] and [8] have been obtained by means of variational technique and
Leray-Schauder degree arguments. We present different, purely topological, approach based
on a result [9] by R. Srzednicki, K. Wo´jcik, and P. Zgliczyn´ski which allows one to study
and prove periodicity in various systems by using finite-dimensional topological arguments
and illustrative geometrical constructions. The last proves to be useful in our case since we
consider low-dimensional systems.
The result is illustrated by a series of examples including forced relativistic pendulum
and its modifications.
2. Results
2.1. Supplementary definitions and results
First, following [9] we introduce some definitions slightly modified for our use. From
now on, we assume that v ∈ C1(R×M,TM) is a time-dependent vector-field on a smooth
manifold M .
Definition 2.1. For t0 ∈ R and x0 ∈ M , the map t 7→ x(t0, x0, t) is the solution for the
initial value problem for the system x˙ = v(t, x), such that x(t0, x0, t0) = x0.
Definition 2.2. Let W ⊂ R×M . Define the exit set W− as follows. A point (t0, x0) is in
W− if there exists δ > 0 such that (t+ t0, x(t0, x0, t+ t0)) /∈ W for all t ∈ (0, δ).
Definition 2.3. We call W ⊂ R×M a Waz˙ewski block for the system x˙ = v(t, x) if W and
W− are compact.
Now introduce some notations. By pi1 and pi2 we denote the projections of R×M onto
R and M respectively. If Z ⊂ R×M , t ∈ R, then we denote
Zt = {z ∈M : (t, z) ∈ Z}.
Definition 2.4. A set W ⊂ [a, b] ×M is called a segment over [a, b] if it is a block with
respect to the system x˙ = v(t, x) and the following conditions hold:
• there exists a compact subset W−− of W− called the essential exit set such that
W− = W−− ∪ ({b} ×Wb), W− ∩ ([a, b)×M) ⊂ W−−,
• there exists a homeomorphism h : [a, b]×Wa → W such that pi1 ◦ h = pi1 and
h([a, b]×W−−a ) = W−−. (2)
Definition 2.5. Let W be a segment over [a, b]. It is called periodic if
(Wa,W
−−
a ) = (Wb,W
−−
b ).
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Definition 2.6. For a periodic segment W , we define the corresponding monodromy map
m as follows
m : Wa → Wa, m(x) = pi2h(b, pi2h−1(a, x)).
Theorem 2.7. (See [9]) Let W be a periodic segment over [a, b]. Then the set
U = {x0 ∈ Wa : x(a, x0, t) ∈ Wt \W−−t for all t ∈ [a, b]}
is open in Wa and the set of fixed points of the restriction x(a, ·, b)|U : U → Wa is compact.
Moreover, if W and W−− are ANRs then
ind(x(a, ·, b)|U) = Λ(m)− Λ(m|W−−a ).
Where by Λ(m) and Λ(m|W−−a ) we denote the Lefschetz number of m and m|W−−a respectively.
In particular, if Λ(m)− Λ(m|W−−a ) 6= 0 then x(a, ·, b)|U has a fixed point in Wa.
2.2. Main result
Theorem 2.8. If for some functions h1, h2 ∈ C2(R/TZ,R), h1(t) < h2(t), |h˙1| < 1, |h˙2| < 1
for all t ∈ R/TZ, the following conditions are satisfied
(1− h˙21)3/2f(t, h1, h˙1)− h¨1 < 0,
(1− h˙22)3/2f(t, h2, h˙2)− h¨2 > 0,
(3)
then there exists a periodic solution q : R/TZ → R of (1). Moreover, h1(t) < q(t) < h2(t)
for all t ∈ R/TZ.
Proof. First, rewrite (1) as follows
q˙ = p,
p˙ = (1− p2)3/2 · f(t, q, p). (4)
In order to be precise in our further consideration, in addition to the above system, we will
assume that p˙ = 0 for |p| > 1. Systems (1) and (4) are equivalent provided |p| < 1. Consider
the following subset of the extended phase space
W = {t ∈ [0, T ], q ∈ R, p ∈ [−1, 1] : h1(t) 6 q 6 h2(t)}.
Let us show now that for (4) the essential exit set can be described as follows
W−− ={t ∈ [0, T ], q ∈ R, p ∈ [−1, 1] : q = h1(t),−1 6 p 6 h˙1(t)}
∪{t ∈ [0, T ], q ∈ R, p ∈ [−1, 1] : q = h2(t), h˙2(t) 6 p 6 1}.
Indeed, manifolds p = 1 and p = −1 are invariant for (4) and, taking into account that
q˙ = p, we have
{t ∈ [0, T ], q ∈ R, p ∈ [−1, 1] : q = h1(t),−1 6 p < h˙1(t)}
∪{t ∈ [0, T ], q ∈ R, p ∈ [−1, 1] : q = h2(t), h˙2(t) < p 6 1} ⊂ W−−,
{t ∈ [0, T ], q ∈ R, p ∈ [−1, 1] : q = h1(t), h˙1(t) < p 6 1}
∪{t ∈ [0, T ], q ∈ R, p ∈ [−1, 1] : q = h2(t),−1 6 p < h˙2(t)} 6⊂ W−−.
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For any t0 ∈ [0, T ], q0 = h1(t0), p0 = h˙1(t0) we have
q(t0, q0, p0, t)− h1(t) = (t− t0)
2
2
((1− h˙21(t0))3/2f(t0, h1(t0), h˙1(t0))− h¨1(t0)) + o((t− t0)2).
Therefore, from (3) we have that (t0, q0, p0) ∈ W−−. By the same arguments, for any
t0 ∈ [0, T ], q0 = h2(t0), p0 = h˙2(t0), we have (t0, q0, p0) ∈ W−−.
Now define a homeomorphism h : [0, T ]×W0 → W as follows
h : (t, q, p) 7→
(
t,
h1(t)− h2(t)
h1(0)− h2(0)(q − h1(0)) + h1(t), L1(p)
h2(0)− q
h2(0)− h1(0) + L2(p)
q − h1(0)
h2(0)− h1(0)
)
,
where
Li(p) =

h˙i(t) + 1
h˙i(0) + 1
p+
h˙i(t)− h˙i(0)
h˙i(0) + 1
if p ∈ [−1, h˙i(0)],
1− h˙i(t)
1− h˙i(0)
p+
h˙i(t)− h˙i(0)
1− h˙i(0)
if p ∈ (h˙i(0), 1],
i = 1, 2.
If we define h in such a manner, then m(q, p) = pi2h(T, pi2h
−1(0, q, p)) = idW0 . Therefore, we
obtain Λ(m) = χ(W0), Λ(m|W−−0 ) = χ(W
−−
0 ).
h
t
q
p
Figure 1: Qualitative representation of the periodic segment W and a corresponding homeomorphism h.
[0, T ]×W−−0 and W−− are in grey.
In our case W0 is homeomorphic to a two-dimensional disk and W
−−
0 is homeomorphic
to two disjoint closed line segments. From the above, we obtain
Λ(m)− Λ(m|W−−0 ) = χ(W0)− χ(W
−−
0 ) = −1,
and we can apply (2.7).
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2.3. Applications
Example 2.9. Let us consider a forced relativistic pendulum in a gravitational field. Assume
that its motion is described by the following equation
d
dt
ϕ˙√
1− ϕ˙2 = f(t, ϕ, ϕ˙) + α sinϕ, (5)
where α > 0, and the function f ∈ C1(R/TZ×R/2piZ×R,R), T > 0 satisfies the following
conditions
f(t,−pi
2
, 0) < α, f(t,
pi
2
, 0) > −α, for all t ∈ [0, T ]. (6)
Then there exists at least one periodic solution of (5). Moreover, along this periodic solution
the pendulum never approaches the horizontal position, i.e. it never falls. The last can be
considered as an example of counter-intuitive behaviour since the pendulum is moving in
the gravitational field and the external force f can be arbitrarily large.
Let h1 = −pi/2 and h2 = pi/2, then, taking into account (6), we have
f(t, h1, h˙1) + α sinh1 = f(t,−pi
2
, 0)− α < 0,
f(t, h2, h˙2) + α sinh2 = f(t,
pi
2
, 0) + α > 0,
and theorem (2.8) can be applied.
Remark 2.10. One can easily show that there also exists at least one periodic solution in the
above system in the presence of viscous friction. Indeed, if for a given γ ∈ R we consider
the modified equation
d
dt
ϕ˙√
1− ϕ˙2 = f(t, ϕ, ϕ˙)− γϕ˙+ α sinϕ, (7)
then conditions (3) are still satisfied for h1 = −pi/2 and h2 = pi/2.
Example 2.11. Previous example can be generalized to the case of a forced relativistic
particle moving in a gravitational field on a curve. Suppose that q ∈ R is a natural parameter
on a connected curve in R2. Then the equation of motion of this system is similar to (7)
d
dt
q˙√
1− q˙2 = f(t, q, q˙)− γq˙ − αy
′(q), (8)
where γ ∈ R is a given parameter describing friction-like interaction (possibly zero), α > 0,
and y ∈ C2(R,R), f ∈ C1(R/TZ × R × R,R), T > 0. Similarly to the previous case, we
assume that there are q1, q2 ∈ R, q1 < q2 such that y′(q1) = 1, y′(q2) = −1, and y(q) > 0 for
q ∈ (q1, q2). satisfies the following conditions
f(t, q1, 0) < α, f(t, q2, 0) > −α, for all t ∈ [0, T ].
Then there exists at least one T -periodic solution of (8) such that q(t) ∈ (q1, q2) for all t ∈ R.
In particular, the point never approaches y = 0 along the obtained periodic solution, i.e. it
never falls on the considered horizontal line. The proof in this case is similar to the case of
a relativistic pendulum.
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Example 2.12. Consider a relativistic pendulum with viscous friction (possibly zero) in a
parallel force field. We assume that this external field is rotating and changing its absolute
value in accordance with the prescribed laws ψ ∈ C2(R/TZ,R), f ∈ C1(R/TZ,R), T > 0.
ψ(t)
f(t)
ϕ
Figure 2: Relativistic pendulum in the rotating force field
The equation of motion is as follows
d
dt
ϕ˙√
1− ϕ˙2 = f(t)(cosϕ sinψ(t)− sinϕ cosψ(t))− γϕ˙, (9)
where γ ∈ R. Assume that |ψ˙(t)| < 1 and f(t) > |ψ¨|(1 − ψ˙2)−3/2 + |γψ˙| for all t ∈ R/TZ.
Then there exists a T -periodic solution ϕ such that ϕ(t) ∈ (ψ(t)+pi/2, ψ(t)+3pi/2), i.e. the
particle follows the rotation of the force field, in particular, it performs the same number of
revolutions around the pivot point of the pendulum as the force field.
To prove this result one can consider functions h1 = ψ + pi/2, h2 = ψ + 3pi/2 and
apply (2.8) to (9)
(1− h˙21)3/2(f − γh˙1)(cosh1 sinψ − sinh1 cosψ)− h¨1 = −(1− ψ˙2)3/2(f + γψ˙)− ψ¨ < 0,
(1− h˙22)3/2(f − γh˙2)(cosh2 sinψ − sinh2 cosψ)− h¨2 = (1− ψ˙2)3/2(f − γψ˙)− ψ¨ > 0.
3. Conclusion
We believe that the presented result can be useful in different applications in systems
describing relativistic approximation of a constrained massive particle moving under the
action of an external force which is possibly depends on time and the generalized coordinate
and velocity of the particle. Theorem (2.8), if can be applied, allows one not only to prove the
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existence of a periodic solution, but also estimate it. At the same time, we have to mention
that this constructive approach can be considered also as a shortcoming of the method
comparing, for instance, to results [2], [5], and [6], which can be used in a straightforward
manner.
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